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SOME OPEN PROBLEMS IN HIGHER DIMENSIONAL
COMPLEX ANALYSIS AND COMPLEX DYNAMICS
John Erik Fornæss∗ and Nessim Sibony
Abstract
We present a collection of problems in complex analysis and com-
plex dynamics in several variables.
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1. Introduction
We present here a collection of problems in complex analysis and
complex dynamics in several variables. The list contains some old ques-
tions which are well known and some new ones. There is no preten-
tion to be exhaustive and the leading line was just that one of us was
interested recently in these problems. The questions are of various na-
ture, some would lead to a breakthrough and require new ideas, others
are reasonably easy. We thank Bedford, Berndtsson, Burns, Henkin,
2000 Mathematics Subject Classiﬁcation. 32D, 32F05, 32F20, 32H40, 32H50, 53C65,
58F05, 58F11, 58F18.
Key words. Fatou set, biholomorphic map, Siegel domain, dimension of measures,
symplectic maps, ∂¯-equation, Levi problem, holomorphic mappings.
∗The ﬁrst author was supported by an NSF grant.
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Ohsawa, Pinchuk, who have proposed some of the questions. We also
thank Diederich, Ebenfeldt, Jonsson, Slapar and Winkelmann for com-
ments and suggestions on the original version and Siu for providing the
solution to one of the problems.
2. Complex dynamics problem list
We divide the questions into discrete and continuous ones. The dis-
crete questions are further divided in two sets depending on whether the
stable or chaotic features are most dominant.
2.1. Discrete dynamics.
2.1.1. Fatou sets, stable sets.
Question 2.1. Let F be the family of holomorphic endomorphisms of
Pk of degree d ≥ 2 with inﬁnitely many sinks. (We call the basin of
attraction of an attracting periodic point a sink.) Can F have interior
or have positive measure? When k = 1 it is a result of Fatou [CG]
that there are ﬁnitely many sinks. (One needs a critical point in each
basin.) In more variables, using the Newhouse phenomenon (persistence
of homoclinic tangencies), Gavosto and Buzzard constructed inﬁnitely
many sinks. The question is how frequently this happens. See [Ga]
and [Bu].
Question 2.2. Can maps on Pk, k ≥ 2 have wandering Fatou compo-
nents? Recall that a Fatou component Ω is wandering for f if {fn(Ω)}n≥0
are two by two disjoint. When k = 1, Sullivan, using the Ahlfors-Bers
Theorem proved that there are no wandering components [CG]. The tool
used is not available in several variables. Maybe the ﬁrst step is to ﬁnd
a new proof in one variable.
A domain U ⊂ Ck is a Fatou-Bieberbach domain if it is biholomorphic
to Ck but U = Ck.
Question 2.3. Can Fatou-Bieberbach domains for He´non maps have
C∞ boundary? Recall that a He´non map in C2 is a biholomorphism f of
the following form:
f(z, w) = (p(z) + aw, bz), ab = 0,
with p a polynomial of degree d ≥ 2. Assuming that 0 is an attracting
ﬁxed point it is known that Ω := {q; fn(q) → p} is biholomorphic to C2,
but Ω = C2. The question is about the smoothness of ∂Ω.
It is known that there are domains U ⊂ C2, U = C2, U biholomorphic
to C2 and U has smooth boundary [St].
Problems in Complex Analysis and Dynamics 531
Question 2.4. Let f be a generalized He´non map on C2. Let
K± = {(z, w); {f±n}n≥0 is a bounded sequence},
J± = ∂K±. There is a unique positive closed current T± of norm 1
supported on K± [FS10]. The measure µ = T+ ∧ T− has been studied
intensely [BLS]. The nonwandering set Ω(f) for f is contained in K :=
K+ ∩ K−. What are the relations between Ω(f), J := J+ ∩ J− and
J∗ = Sµ, the support of µ? When is f hyperbolic on Ω(f)? There are a
few cases known, perturbations of (zd+c, 0), [FS3], [HO], more recently
Hruska [H] has computer assisted examples of hyperbolic maps.
Question 2.5. Let Mk be a complex manifold. Assume that M =
∪φn(B), φn : B → M , 1 − 1 and φn+1(B) ⊃ φn(B), B is the unit
ball. Assume that the Kobayashi metric KM ≡ 0. Is M = Ck? (False
when k ≥ 3, open when k = 2 [FS11].)
An example of this situation is a question raised by Bedford: Let
F : Cn → Cn be a biholomorphism, K a hyperbolic saddle. Assume
that the stable dimension of K is k. For p ∈ K, is W s(p) biholomorphic
to Ck? This is true for periodic saddle points. It is easy to show that
the Kobayashi metric vanishes on all stable leaves. See [JV] for results
on generic stable manifolds.
Question 2.6. Is any “long” C2 biholomorphic to C2? (A complex man-
ifold is a long C2 if it is a union of proper subsets which are biholomor-
phic to C2.)
Question 2.7 (M. Herman). Symplectic question: H = (f(z) − w, z),
f entire. Find f such that f has a Siegel domain at 0, f(0) = 0. The
problem is that the eigenvalues of H ′(0) are e±iθ so we have resonances.
Formally one gets inﬁnitely many compatibility conditions. Recall that a
Siegel domain is a domain where a subsequence of iterates converges to
the identity.
Question 2.8. Can a Siegel domain for a He´non map or, more gener-
ally, a biholomorphism of C2 have strongly pseudoconvex boundary? In
one variable, R. Pe´rez-Marco has constructed Siegel discs with smooth
boundary [PM].
Question 2.9. Classify periodic Fatou components for an endomorph-
ism of Pk [FS6]. Let f : Pk → Pk be an endomorphism. Assume that U
is a Fatou component such that f(U) = U . Assume that (fn)(z) → ∂U .
Does there exist a parabolic ﬁxed point on ∂U? See [JL]. When k = 1
this was done by Fatou [CG].
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Question 2.10. Classify those Reinhardt domains which are biholomor-
phic to Siegel domains, associated to an automorphism of Ck or to an
endomorphism of Pk.
Question 2.11. Suppose that the boundary of a Fatou component of
a He´non map has a smooth piece. What can be said about the whole
boundary? In one variable the whole boundary must be smooth.
Question 2.12 (The kicked rotor; inﬁnite dimensional complex dynam-
ics). The kicked rotor describes a particle on a circular orbit subject to a
periodic kick. In quantum mechanics it describes an elementary particle
in an atom subject to a periodically pulsed electric ﬁeld.
Classical description: If angular momentum is p, mass is m, K is the
kick strength, T is the time between kicks, then R(θ, p) = (θ + pTm , p +
K sin(θ + pTm )) describes the change in coordinates from just after one
kick till just after the next kick. (This is also called the Standard Map.)
Prove that if k = KmT > 1 then almost all orbits are unbounded.
Quantum description: If ψ =
∑
n∈Z cne
inθ is an L2 function on [0, 2π]
describing the state of the particle after one kick, then after the next
kick, the state is R(ψ) = e−i
K cos θ

∑
n e
− in2T2m cneinθ. Show that the
dynamics localizes. More precisely, if Rk(ψ) =
∑
n c
k
ne
inθ then for some
C = C(ψ) we have
∑
|n|≤C |ckn|2 > 1/2 for all k. It is necessary to avoid
resonances [CCIF]. Computer experiments support this statement [Gr].
See [F2], [We] for rigorous results for a simpliﬁed model.
Question 2.13. Deﬁne chaos in the setting of inﬁnite dimensional com-
plex dynamics. See [F2].
Question 2.14. Suppose that f is an endomorphism of Pk or an auto-
morphism of Ck with an attracting basin Ω for an attracting ﬁxed point p,
f(p) = p. Let δ > 0. For q ∈ Ω, dist(q, ∂Ω) > δ, dist(q, p) > δ, i.e.
q ∈ Ω∗δ . Find N(δ) so that no orbit {q, f(q), . . . , fN (q)} ⊂ Ω∗δ . Exam-
ple (z2 + &w, z) with p = 0. The question here is to get explicit estimates
of N(δ) in terms of f , p and δ. The question is to have concrete esti-
mates on how many iterates you need to get close to the ﬁxed point if
you start near the boundary of the basin.
2.1.2. Julia sets, currents.
Question 2.15. Let f be a holomorphic selfmap of Pk. Let Ω(f) be
the nonwandering set. Recall that a point is nonwandering if for every
neighborhood U of p, there is an n > 1 such that fn(U) ∩ U = ∅. The
question is to describe Ω(f).
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Deﬁne a Siegel set as a closed analytic set X in an open set V ⊂
Pk such that there is a subsequence ni → ∞ with fni|X → Id|X . Is
Ω(f) the closure of the periodic points together with Siegel analytic sets?
See [FS3], [FS6], [BS2]. Can there be a counterexample for entire maps
on C2? (Probably yes.)
Question 2.16. Let f be a holomorphic selfmap of a complex mani-
fold M . Is the closure of the repelling periodic orbits open in Ω(f)?
Can there be a counterexample for entire maps in Cn? Could there be
a sequence of oscillating orbits converging to a repelling point? Can a
sequence of saddles converge to a repelling point for a holomorphic self-
map on C2? (This cannot happen for biholomorphisms because for the
inverse map the repelling point becomes attracting.) We say that the or-
bit of a point p is oscillating if some subsequence is uniformly bounded
and some other subsequence converges to inﬁnity. For construction of
oscillating domains see [FS5]. On dynamics of transcendental maps
see [FS7], [FS9].
Question 2.17. Let f be a polynomial map on Ck of topological de-
gree dt, which extends to a holomorphic map on Pk. Let ω be the Ka¨hler
form on Pk. It is known that
(fn)∗ωk
dnkt
→ µ
where µ is a mixing probability measure [FS1]. The measure µ is the
unique measure of maximal entropy [BD2] and repelling periodic points
are dense in Sµ, the support of µ [BD1]. So Sµ ⊂ Ω(f). Is the support
of µ open in Ω(f)? It is the case when Sµ is hyperbolic.
Recall that the Hausdorﬀ dimension of a probability measure ν is the
minimal Hausdorﬀ dimension of a Borel set with ν(B) = 1.
For a polynomial map in C, µ coincides with the harmonic measure
with respect to ∞ of the compact KP := {z; Pn(z) is bounded}. It fol-
lows from the work of Makarov [Ma], Bishop-Jones [BJ], Wolﬀ [W]
that the Hausdorﬀ dimension of µ is 1. How does this result extend to
polynomial maps on Ck that are holomorphic on Pk?
What is the Hausdorﬀ dimension of µ for an endomorphism of Pk?
A ﬁrst case is to study small perturbations (z2 + &w,w2 + δz). When is
µ absolutely continuous with respect to Lebesgue measure.
Question 2.18. The Fatou set of an endomorphism f of Pk is the max-
imal open set where the sequence fn is locally equicontinuous. The Ju-
lia set is the complement. It coincides with the support of the positive
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closed current T = lim (f
n)∗ω
dn , here d is the algebraic degree of f [FS1],
[FS4]. The Julia set J of an endomorphism on Pk is not in general con-
tained in the nonwandering set (contrary to what happens when k = 1).
Let J0 := Ω(fJ). What can be said about the Hausdorﬀ dimension of
J ,J0,J \ J0? Describe J0 \ Supp(µ). When k = 1, J ⊂ J0.
Question 2.19. Given an endomorphism of Pk, when is the current T
extremal? This is true for maps of the form [P1 : · · · : Pk : td] [BeSi].
Here the polynomials Pj are homogeneous polynomials of degree d in z
and do not contain a term in t. Jonsson has observed that for Ueda type
examples the Green current is not extremal, for example, this is the case
for the map [z2 : w2 − 2zt : t2].
Question 2.20. We say that an endomorphism of Pk is critically ﬁ-
nite if each irreducible component of the critical hypersurface is a prepe-
riodic set. Find families of endomorphisms of P2 of critically ﬁnite
maps [FS12], [J].
Question 2.21. For f an endomorphism of Pk, when is Supp(µ) = Pk?
For how many maps? Say, ﬁnd the Hausdorﬀ dimension of this set of
maps. When is µ absolutely continuous with respect to Lebesgue measure.
When k = 1, Sµ = P1 if and only if the Julia set of f is P1. If one
considers rational maps of degree d ≥ 2 on P1, this happens for a set of
positive Lebesgue measure [R].
Question 2.22. Let f be a holomorphic endomorphism of Pk, k > 1.
A closed set A is attracting if there is an open set U(A) such that
f(U(A)) ⊂⊂ U(A), ∩fn(U) = A. A is an attractor if it is attracting
and has a dense orbit. (Sometimes one assumes instead that it is chain
transitive, i.e. δ-pseudo-orbits are dense.) The attractor is non-trivial if
it is not a periodic orbit or the whole space.
Show that non trivial attractors are robust in P2, i.e. for the endo-
morphisms (fc) on P2, ﬁnd a set of positive measure in the c-space with
a nontrivial attractor.
Give estimates for the Hausdorﬀ dimension of A. For examples of
non trivial attractors on P2 see [JW], [FS8]. There are some estimates
on Hausdorﬀ dimension of attractors in [FS8].
Question 2.23. Does there exist a He´non map f = (g, h), fn = (gn, hn)
with the following property: There is a p = (x, y) ∈ Sµ such that for all
0 < & << 1 and every q ∈ Sµ, there is an integer n so that ‖gn(p) −
gn(q)‖ < &? This question arises naturally in the study of attractors: A
collision-attractor absorbs all points whose orbits are closer than some
radius for some iterate. If one considers x as a space variable, and y
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as a momentum variable, one measures distance using the ﬁrst variable
only. If one replaces the inequality by ‖fn(p) − fn(q)‖ < &, there is no
such p, (see [BF]).
Question 2.24. Let f(z, w) = (eiθz, e−iθw)+ higher order terms be a
generalized He´non map. Give diophantine conditions on θ for which f
has two Siegel discs, D1, D2 ⊂ J+ ∩ J− through the origin and tangent
to the axes. Recall that generalized He´non maps are ﬁnite compositions
of He´non maps. They are the dynamically interesting polynomial biholo-
morphisms of C2.
Question 2.25. Consider SR, the class of holomorphic symplectomor-
phisms of C2k preserving R2k. f : C2k → C2k, f∗ω = ω, where ω =∑k
j=1 dzj ∧ dwj and f(R2k) = R2k, zj = xj + ix′j, wj = yj + iy′j
with Whitney ﬁne topology, SR is a Baire space. For f ∈ SR, let
KRf := {(x, y) ∈ R2k; {fn(x, y)}n is bounded}. Prove that the set S ′R
of f ∈ SR such that KRf is of empty interior in R2k is a Gδ dense
set [FS7], [FS9].
Question 2.26. Let f(z, w) = (eiθz, eiψw)+ higher order terms. Study
the dynamics near the origin. Hakim-Abate-Weickert have studied the
case where f is tangent to the identity [Ha1], [Ha2] [Ab], [We].
Question 2.27 (D. Burns). Suppose that f : XC → XC is an endomor-
phism on a projective variety over C. Assume that f has “large” dy-
namics. For example f has positive entropy or a “large” non wandering
set. Consider now X(k) as a variety over a number ﬁeld k such that
[k : Q] < ∞. Does largeness of the dynamics imply largeness of the set
of rational points in X(k)? For example, are rational points Zariski dense
in XC? (J. B. Bost). The existence of mappings with large dynamics
should imply arithmetic properties of X(k).
Question 2.28. Let K be a hyperbolic solenoid with stable dimension 2.
How to get a stable current? Are the stable leaves biholomorphic to C2?
For endomorphisms on Pk see [FS4], [FS2] ,[FS8], [FS11], [F1], [S1],
[BD1], [BD2], [Ga], [DS].
2.2. Continuous dynamics.
Question 2.29. Is there a compact set K ⊂ P2 which is laminated by
smooth holomorphic curves, except a compact curve? There are such
compacts in P3. See survey by Ghys [Gh]. There is no closed (1, 1)
current directed by the lamination in P2. (I.e. if locally the current is of
the form
∫
dµθ[Vθ], then the lamination is a compact curve.) See [HM].
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The origin of the question seems to be related to a Poincare´-Bendixson
Theorem for holomorphic foliations on P2, [CLS]. More precisely, let
F be a holomorphic foliation on P2. The singularity set of F , SingF is
never empty. The question is whether the closure of any leaf L intersects
SingF . If not L will be laminated by smooth holomorphic curves [CLS].
Question 2.30. Let PN consist of the holomorphic polynomials of de-
gree at most N in C2k, k ≥ 2, N ≥ 2. Show that for almost every
PN and almost every point z ∈ C2k the orbit of the Hamiltonian vector
ﬁeld XPN is unbounded. Recall that when h is an entire map in C
2k,
Xh :=
(
− ∂h
∂w1
, . . . ,− ∂h
∂wk
,
∂h
∂z1
, . . . ,
∂h
∂zk
)
.
[FS7], [FS9] contain results on Hamiltonian vector ﬁelds and dynamical
symplectomorphisms. (When k = 1, see [Du].)
3. Several complex variable problem list
We divide the questions into three sets, depending whether they ﬁt
most naturally together with ∂¯, the Levi Problem or Holomorphic Map-
pings
3.1. ∂¯.
Question 3.1 (Henkin). Let X be a normal analytic set of pure dimen-
sion p in the unit ball B⊂Cn. Let f ∈C∞(0,1)(B). Assume ∂¯
(
Id∗|Reg(X)f
)
=
0. Does there exist u∈C∞(0,0)(B) such that ∂¯
(
Id∗Reg(X) u
)
=
(
Id∗|Reg(X) f
)
?
Here IdReg(X) is the inclusion map from Reg(X) to Cn. See [HeP], [M],
[AG1], [AG2].
Question 3.2. Let Ω be a weakly pseudoconvex domain with smooth
boundary in Pn, n ≥ 2. Let f ∈ C∞(0,1)(Ω) be a ∂¯-closed (0, 1) form. Does
there exist a smooth solution u ∈ C∞(Ω) to the equation ∂¯u = f?
Question 3.3 (Lempert-Henkin). Let DN = {z ∈ CN ;
∑N
j=1 |zj | < 1}.
Prove (or ﬁnd a counterexample) that for f ∈ C(0,1)(DN ) with ∂¯f = 0
there is u ∈ C(DN ) such that ∂¯u = f and
‖u‖∞ ≤ C‖f‖∞.
The key point here is that C should be independent of N . One can ask
the same question for D2N = {z ∈ CN ;
∑N
j=1 |zj |2 < 1} [L].
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Question 3.4 (Berndtsson). Let φ be a bounded strictly plurisubhar-
monic function in the unit ball B ⊂ Cn. Let Ω = i∂∂¯φ, the Ka¨hler form
associated to φ. Let f be a (0, 1) form on B such that |f |2Ω + |∂f |Ω ≤ C.
The subscript means that the norm for f and ∂f are measured with re-
spect to Ω. Does the equation ∂¯u = f have a bounded solution in B?
The question is related to the Corona theorem in several variables [Be].
Question 3.5 (Edited by Sophia Vassiliadou). Let X be a closed ana-
lytic set of pure dimension p in Cn+p with singularities. Let Reg(X) =
X \ Sing(X) denote the set of smooth points of X. Give Reg(X) the
metric induced by the imbedding Reg(X) ↪→ Cn+p.
(a) Let f ∈ L2(0,q)(Reg(X)), 1 ≤ q ≤ p, ∂¯f = 0 in the weak sense
in L20,q+1(Reg(X)). Find the obstructions to solving ∂¯u = f in
the weak sense in L20,q(Reg(X)). Recall that ∂¯u = f in the weak
sense in L20,q(Reg(X)) if and only if u ∈ L20,q−1(Reg(X)) and for
all ψ ∈ C∞p,p−q(Reg(X)), compactly supported in Reg(X) we have
∫
Reg(X)
u ∧ ∂¯ψ = (−1)q
∫
Reg(X)
f ∧ ψ.
(b) Let h ∈ L2(α,β)(Reg(X)). We say that h belongs to the domain of
∂¯ with Dirichlet boundary conditions —h ∈ Dom ∂¯D— if and only
if there exist hn ∈ C∞α,β(Reg(X)), compactly supported in Reg(X)
and g ∈ L2α,β+1(Reg(X)) such that hn → h in L2α,β(Reg(X)) and
∂¯hn → g in L2α,β+1(Reg(X)). In that case we write ∂¯Dh =: g.
Let f ∈ L2(p,q)(Reg(X)), 1 ≤ q ≤ p such that ∂¯Df = 0. Find the
obstructions to solving ∂¯Du = f , (i.e. obstructions to obtaining
un ∈ C∞(p,q−1)(Reg(X)), compactly supported in Reg(X) such that
un → u in L2(p,q−1)(Reg(X)) and ∂¯un → f in L2(p,q)(Reg(X))).
In [PS], (a) and (b) are solved when X is a projective surface with
isolated singularity. They also computed obstructions to solving ∂¯ weakly
for ∂¯ closed (p, q) forms when X is a projective variety of dimension p,
as well as obstructions to solving ∂¯D for (0, q), ∂¯D-closed forms again
when X is a projective variety of dimension p.
See [BeSi] for an alternative point of view: Solving ∂¯ on positive
currents (especially positive, closed currents of bidegree (1, 1)).
See [DFV] for obstructions to solving ∂¯ weakly for (0, 1) forms near
2-dimensional isolated singularities in Cn, n ≥ 3.
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Question 3.6. (a) Let T be a positive closed current of bidimension
(p, p) in Cn, 1 ≤ p < n−1. Is T a weak limit of cj [Vj ], dimVj = p,
analytic and cj > 0.
(b) Can Vj → SuppT in the Hausdorﬀ metric? The case when T is of
bidimension (n−1, n−1) (i.e. dimVj = n−1) is classical. For the
recent reﬁnements see Demailly [D1], [D2], Duval-Sibony [DS1],
Guedj [Gu] for currents in complex manifolds.
3.2. Levi problem.
Question 3.7. Let X ⊂ Cn, 0 ∈ X be a complex analytic set with
an isolated normal singularity, K a compact subset of X \ (0), 0 ∈ Kˆ,
the polynomially convex hull of K. Suppose that L is compact in X,
containing K in its relative interior. Does Lˆ contain a neighborhood
of 0 in X? This is equivalent to a Runge problem: If (Ωt)t∈(−1,1) is a
continuously increasing family of Stein open subsets of X, 0 ∈ X \ Ωt,
t ≤ 0, 0 ∈ Ωt, t > 0. Is Ωt1 Runge in Ωt2 if t1 ≤ 0 < t2? See [FN].
Question 3.8. Suppose that X is a singular Stein space, Ω ⊂⊂ X.
Suppose that for all p ∈ ∂Ω there is an open neighborhood U(p) so that
U ∩ Ω is Stein. Is Ω Stein? [FN], [Si1].
Question 3.9. Let Ω ⊂⊂ M be a compact complex manifold, ∂Ω con-
nected. Suppose that f is holomorphic in a neighborhood of ∂Ω. Under
which natural conditions does f extend to Ω or its complement? Exclude
M = ∆∗N , N compact. It is true if Ω is Stein. Same question when f is
CR on ∂Ω. When M is Pk, Sarkis [Sa] has shown that C1 CR-functions
on ∂Ω extend to one side.
Question 3.10. Does there exist a C2 Levi ﬂat hypersurface in P2?
Same question for topological hypersurfaces, i.e. locally graphs which are
locally union of disjoint holomorphic discs. Describe all C∞ Levi ﬂat
hypersurfaces in a complex torus. This is related to Question 2.6. See
Siu [Si2] for the C∞ case.
Question 3.11 (Henkin). (a) Construct a strictly pseudoconvex do-
main M with smooth boundary in a complex 2-dimensional sur-
face in P3 which intersects every compact Riemann surface in P3.
B. Fabre [Fab1, p. 88] has constructed a real 3-dimensional M ⊂
P3 with Levi-ﬂat boundary and which intersects any compact Rie-
mann surface.
(b) Let V be an algebraic hypersurface in P3. Let M be a strictly
pseudoconvex domain in V . Is there a Riemann surface S in P3
with S ∩ V ⊂ V \M?
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Question 3.12 (Gromov). Let An−1 be the space of smooth analytic
varieties of pure dimension n − 1 in Pn. When n = 2, F. A. Bogo-
molov [Bo] has constructed a sequence of Riemann surfaces (Vj) in A1
such that supj diam(Vj) = ∞. Here the diameter in Vj is computed
with respect to the Hermitian metric induced from Pn. Does a similar
phenomenon occur for subvarieties in An−1, n > 2?
Question 3.13. Let M be a totally real compact manifold in Cn,
dim(M)R = n. Does it bound a smooth Riemann surface, smooth up
to the boundary? For & > 0, there is a Riemann surface with bound-
ary in M(&) [Vi]. Here M(&) = {z; dist(z, w) < &}. Gromov showed
the existence of discs when M is Lagrangian, for certain Ka¨hler forms.
There are examples without discs. Gromov [G], Alexander [Al], Duval-
Sibony [DS1], [DS2], Viterbo [Vi].
Question 3.14. Let M be a smooth projective manifold, Ω a proper
open subset, locally Stein at the boundary. When is Ω holomorphically
convex? See [N]. (Grauert found a counterexample which is a Levi ﬂat
domain on a complex torus, {(z, w); a < , z < b} with irrational slope.
In Grauert’s domain all holomorphic functions are constant.) So we
assume that ∂Ω has 1 strongly pseudoconvex boundary point. See [Si1].
Question 3.15 (L. Nirenberg). Let D ⊂ Cn, n ≥ 2, be a domain with
smooth boundary. Let γ be a smooth curve in ∂D transverse to the com-
plex tangent space TCp (∂D) for every p in γ. Prove that if f ∈ C∞(D),
holomorphic on Ω and all derivatives (in all directions) f (k) vanish on
γ ∀ k ∈ Zn+, then f ≡ 0. When γ is real analytic, the result and some
consequences are in [Ni].
3.3. Holomorphic mappings.
Question 3.16. Can one embed all Stein Riemann surfaces as closed
complex submanifolds of C2? (See [GS].)
Question 3.17. Let Ω be a smoothly bounded pseudoconvex domain with
noncompact automorphism group G. Does G contain R?
When Ω is convex, see [Fr].
Question 3.18 (Pinchuk). Let Σ be a real analytic hypersurface, ∂Ω a
real analytic strictly pseudoconvex, nonspherical hypersurface or simply
connected. Suppose f is a holomorphic map deﬁned on Σ in a neigh-
borhood of a strictly pseudoconvex point, with values in ∂Ω. Can f be
extended along any curve?
Some special cases are considered in [Pi], [Sh], [BP].
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Question 3.19. Let Σ be a real analytic hypersurface of ﬁnite type. Let
X =
∑
aj
∂
∂zj
, (aj holomorphic) be a holomorphic vector ﬁeld, X tan-
gent to Σ. Classify these X and use them to classify Σ. The case of
convex domains with compact automorphism groups is studied in [BP].
Question 3.20. Let f : Ω → V be biholomorphic, Ω, V bounded open
sets in Cn with Cω boundary. Does f extend continuously to the bound-
ary? How about C∞ domains? Do there exist pseudoconvex Ω, V , bi-
holomorphism, not extending smoothly to the boundary? Local geometry
to analyze: {(z0 + |z1|2−|z2|2)2 +z4 < 0}. (All known methods fail.)
Question 3.21. Jacobian Conjecture: Let f : C2 → C2 be a polynomial
mapping. Assume that the Jacobian of f does not vanish. Then f is
invertible [BCW], [V], [O].
Question 3.22. Let Ω be a domain with real analytic boundary, p ∈ ∂Ω,
p not in the envelope of holomorphy, p of ﬁnite type. Does there exist an
& > 0 so that the inﬁnitesimal Kobayashi metric satisﬁes the estimate
F (q,X) ≥ |X||p− q|! ?
This will be useful to prove that proper, holomorphic maps Ω → Ω′ extend
contiuously to Ω.
Question 3.23 (Kobayashi hyperbolicity problem). Let X ⊂ Pn be a
generic hypersurface of degree ≥ 2n+1. Is Pn \X Kobayashi hyperbolic?
More precisely, is any holomorphic map C→ Pn \X constant? A lot of
work has been done in this direction. We only mention Siu-Yeung [SY],
Demailly-El Goul [DG] and Noguchi, Winkelman, Yamanoi [NWY].
Question 3.24 (Diederich/Pinchuk). Let H ⊂ Bn, H a C∞ hypersur-
face of ﬁnite type. Let Xn be a sequence of closed subvarieties of Bn,
0 ∈ Xn∩H. Can the cluster set of Xn be a contained in H? When H is
pseudoconvex, then every point has a plurisubharmonic barrier [S2] and
hence the cluster set is not contained in H.
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